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Comments on “Integration Method of Measuring Q
of the Microwave Resonators”

P.L. OVERFELT anp D. J. WHITE

The paper of this title' suggested integrating the power

P(w) =Py [14+ 02 (0 /wo— wy/w0)’] (1)

transmitted through a resonator [2] across some frequency band
in the vicinity of resonance in order to determine the loaded
Q(Qr); it pointed out some advantages over the common ap-
proach using the one-half power frequencies. The integrated
power was found [1] to be

w3
I=f P(w)dw=POwOQzltan_l(Qstwo_l) 2)
“t
where w, = w, — ;.
Since we have experienced the usual frustrations in Q-measure-
ment, a new approach is attractive, the first step of which is to
check the derivations. This turned out to be more difficult than

Manuscript received December 7, 1983.

The authors are with the Physics Division, Michelson Laboratory, Naval
Weapons Center, China Lake, CA 93555.

'1. Kneppo, IEEE Trans. Microwave Theory Tech., vol. MTT-26, no. 2, Feb.
1978.

anticipated, and initially we were unable to come up with a
reasonable derivation of (2). However, (1) can be integrated
exactly by writing the integral in (2) in the form [3]

1/Pywy = (g/h)fxxz(cxz +g) dx —(f/h)fxxz(cxz +1) dx
3)

where x =w/w, and ¢, g, f, and h are appropriate constants.
When this is done, we find

Py,

[___._—
2j0./(407 1)

_lw(l——j1/4Q§—1)

(1+j\/4Qg—1)tan

2Qrw0
(a2 “2
~(1-jf4i~-1)tan"" w(HzJij: ) @)

where we have used the relation

(1—2Q§i\/1—4Qi)1/2= (lij\/4Q2—l)/ﬁ. (5)

U.S. Government work not protected by U.S. copyright
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TABLE I
fo=10GHz; P, =1

QL-103; AF = 10 Mz QL-m"; Af = 1 MHz

©_, MHz

1 1 1 1 1 I
eq. (23 eq. (9) eq. (D) eq. (2) eq. (9) eq. (1)

6

1 0.62 x 107 0.62 x 10 0.62 x 10 1 4.93 x 10 3.48 x 106 3.48 x 10
3 1.83 x 10/ 1,70 x 20 1,70 x 10 3 7.85 x 0% aazx 105 442 x 10°
0]

6
6
5 2,91 x 10 2,47 x 10 2,47 x 10 5 8.63 x 10° 4,62 x 10 .62 x 10°
10 4,93 x 10 3.48 x 10 3.48 x 10 10 9.24 x 20% 4,76 x 10 4.78 x 10°

30 .85 x 10’ 4.42 x 10° 4,62 x 10 30 9.66 x 10°  4.88 x 10 4.88 x 10°

50 8.63 x 10 4.62 x 10 4,62 x 10 50 9.74 x 10 4,90 x 10 4.90 x 10

100 9.24 x 10 4.78 x 10 4,78 x 10 100 9.81 x 100 4,92 x 10 4.92 x 10

200 9.56 x 10 4,86 x 10 4,86 x 10 200 9.84 x 10 4,93 x 10

7
7
7
7
7
7
7
g 4,93 x 10
7

7

7
7 7
7 7 6
7 7 6
7 7 6 6 6
7 7 6 6 6
7 7 6 o 6
7 7 6 6 6

1000 9 81 x 10 4.92 x 10° 4.92 x 10 1000 9.86 x 107 4,93 x 10 4.93 % 10

Despite the complex arguments in (4), I must be real, and this
can be confirmed by combining the arc tangents in w, and w,
separately and using the identity

atan”'fi=jIn f, (6)
where
fi=i(77=1) /(2 +1)
or
L=1Q+1/0)/0= /D]
This results in the following exact expression for I
I=P0w0 tan—"| w,0 wz(w(z)_w%)_wl(“’%—w%)
20, 0 L(wg—w%)(w%—w%)QL+w,w2w%
1 1 (@ + w3) 0y + wywe)402 —1
- n
2y402 -1 | (w}+ w3)Q; — wwpy40Q2 —1
(‘*’3+“’%)QL_°’1‘*’0V4Q%_1 )

(w(z, + w%)QL—F ‘*’1‘*’0\/4Q12._1

Since (1) is based on an RLC equivalent circuit and is thus
presumably valid only for high Q circuits over a limited band-
width, we can make the following assumptions which are in
accordance with general microwave practice: Q; > 1, w; >> w,,
and symmetrical integration limits, w, = wy + w, /2 and w; = w,
— w, /2. Then (7) becomes approximately

Powy ( 1200, 1
I= tan -

20, Wo 20,
If the In term is expanded in a Taylor Series, it is obviously

negligible with respect to the arc tan term for reasonable values
of wy, w,, and ;. Hence

1 (8)

4wy + w
n-—0— 5.
4wy —

I=0.5PwoQ7 'tan™" (20,0, /). 9

Equation (9) looks very much like (2) except for the factors of
0.5 and 2. However, 0.5tan"!24 = tan~! g in general and Table I
compares values computed from (2), (7), and (9) for different
values of Qy, f,, and f,. Equations (9) and (7) are in essentially
exact agreement for the parameters used, while the results for (2)
are quite different. For a sufficiently small Q,w.w; !, it agrees
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well enough; for a large value of this product, the arc tangent
goes to m/2 and (2) becomes, in the limit, twice the value of (9).

It is instructive to note that if we set Q; =f, /Af and w, = 27f,
=2xkAf, where Af is the 3-dB bandwidth and k some constant,
(9) can be rewritten as

I=aPyAftan™'2k. (10)

Hence, for a given P,, I depends only on the 3-dB bandwidth and
the ratio of the integration bandwidth to the 3-dB bandwidth.

Equation (2) can be derived by making the approximations
leading from (7) to (9) before the actual integration. Setting
w=wy+ 0w, dw < wy, we have

14 Q3 (w/wy — wp /@) =1+402802/wh.

Since 8w = w — wy, (11) becomes

(11)

1+ Q2 (w/wy — wo/w) = 402wy %0? —8Q2w; 'w +40% +1
(12)

and (2) can be integrated directly from a standard integral table
as

I = Pyw,Qy 'tan™! (QstwO_I) (13)

having noted that tan™!(—a)=—tan"'a, with (13) and (2)
being identical.

We are puzzled by the excellent experimental results in [1].
Since the cavity Q’s were high and the error terms in [1, table I
are small, tan"'(w,Q,;wp )= tan" ' (20,005 ) =n/2 and Q,
= Q} with

Q5 =0.57Pyok™'I!

(14)
from [1], and

Q7 =0.250Pyw k™I ! (15)
from our derivation (k and 7, are defined in [1]). Thus on the
surface it would appear that Kneppo [1] should have obtained
twice the actual Q, . It is not clear whether the discrepancy lies in
the measurement process or whether, in this case, an approxima-
tion [1, (12)] to an approximation (1) is a more accurate represen-
tation of a microwave resonator than the approximation itself

[ (D}

Reply? by I. Kneppo®

The power
2 2]-1
P(6) = Po[1+ 0} (/o — w0 /@)'] (1)
can be integrated using the substitution
X=w/wy— Wy /. )

From (2) it follows immediately

2 1/2
w=(x00) /2 [((xw0) /2)" + ]
and
dw= w0/2[1 + x(x? +4)_1/2] dx
2Manuscript received February 7, 1983.

L. Kneppo is with the Electrotechnical Institute of Slovak Academy of
Sciences, Dubravska cesta 9, 842 39 Bratislava, Czechoslovakia.



504 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. MTT-31, NO. 6, JUNE 1983

so we have the integral of (1) in the form

1=["P(w)da=( Powo)/z[f"z(uggxz)-ldx

I

where x;=w,/wy — wy /0, and x, = w, /wy — vy /w,. Limits of

the integration fulfill the relations x,; < 0 and x, > 0, if assump-

tions w; < wg and w, > w, are valid. The function in the second

integral in (3) is odd, so the value of this integral can be made

zero choosing the symmetrical limits of the integration x; = — x,.
Hence

I=(P0w0)/2f_xi

x(1+02x2) " (x2+4) x| (3)

1+02x?) ax = Powofx2(1+Q§x2)“dx

= PowoQ; 'tan”' (Q, x,). (4)

Using notation w, = w, —
and (4) has the final form

I =Py, Q7 "tan™ 1 ( Q0,05 ).

W, 0, << wy, we have x, = w, /wy,
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Corrections to “A Quasi-Optical Polarization
Duplexed Balanced Mixer for Millimeter-Wave
Applications”

KARL STEPHAN, NATALINO CAMILLERI, anp TATSUO
ITOH

In the above referenced paper!, the following corrections should
be made.

On page 166, the first full sentence should read, «
saddlepoint equations given in [4] ...”

On page 166, equation (21) should be

..using the

1

2 (B +1E,?)
-
sphere fs

On page 168, the first sentence of the second full paragraph
should read, “Using the measured antenna patterns for the
10-GHz model, an approximate directivity on the dielectric side
was calculated to be 5.5 dB...”

On page 169, Table II, line 10 should read “Measured conver-
sion loss: 6.5 dB+3 dB.”
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